Maximaand Minima

4 Marks Questions

1. The sides of an equilateral triangle are
increasing at the rate of 2cm/s. Find the rate
at which the area increases, when the side is

10 cm. All India 2014C

Let the side of triangle be a.

2 =2 cm/s [given] (1)

dt
Now, area of equilateral triangle having side a
is given by

g ."r'_ 2
A= v3a’ (1)
4

On differentiating w.r.t.t, we get
dA i v3 da

i () S (1)
de. 4 dt
On putting E;—‘:- =2 cm/s and a =10 cm, we get
dA 3

S 32 el =103 cmile D

2. The sum of the perimeters of a circle and
square is k, where k is some constant. Prove
that the sum of their areas is least, when the
side of the square is double the radius of the
circle. Delhi 2014C; All India 2008
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Let r be the radius of circle and x be the side of
a square. Then, given that

Perimeter of square + Circumference of circle
= k (constant) (1

ie. Ax + 21r =k

k-2 B
L (o k2m Y
4
Let A denotes the sum of their areas.
A=x"+mr’ (i)

-+ area of a square = (Side)*
and area of circle = mr?
On putting the value of x from Eq. (i) in Eq.(ii),

we get
2
- .
A = [..< ZTU:] k TCJ"Z
4 _

On differentiating w.r.t. r, we get
dA k- 2mr 27
—— =2 — ——|+2nr

dr 4 4
n

' v s dA
For maxima and minima, put g =0
r

Hy ——E-(k~—2nr)+2nr:0
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2

= -Ik+Iliom-o0
4 2
=3 P+ a=Ek
2 4
=y r= ; (i)
2t +8
d?A d(dA) d T ]
Now, —=—|—|=—|28r—— (k- 271
dr  dr\dr) dr 4
2 2
=21r+‘—2-—n—=2n+n—>0
4 2
2
g—?—::- 0= Ais minimum.
dr
From Eq. (iii), we get
k
| ge—
2n+8
= 2ri+8r=k
= 2rm+8r=4x+2mnr [ k=4x+2nr]
== 8r=4x orx=2r

i.e. Side of square = Double the radius of circle
Hence, sum of area of a circle and a square is
least, when side of square is equal to
diameter of circle or double the radius of
circle. (1)

6 Marks Questions
3. If the length of three sides of a trapezium
other than the base are each equal to 10 cm,

then find the area of the trapezium, when it
is maximum. All India 2014C, 2010; Delhi 2013C
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Let ABCD be the given trapezium in which
AD =BC =CD =10 cm.

Let | AP = xcm
AAPD = ABQC
QB =xcm (1)

Deu10 cm——— (O

10 cm \ﬂ)cm

e -

Ae—— xcmMm— +—10cm—————+ «——xCcm—B
P Q

In AAPD,
DP =+10? — x? [by Pythagoras theorem]
Now, area of trapezium,

= % x (Sum of parallel sides)x Height

=-;-x(2x+10+10)><\f100—x2
= (x + 10)v100 — x? .. ()1

On differentiating both sides of Eq. (i) w.r.t. x,

we get
24 oo —»

dA

—=(x+10)
dx 2&0—):2
” —x? —10x+100 - x?

B V100 — x2

~2x2 —10x+100 .
" "\/ X 2 ..(ii) (1)
100 — x

For maximum, put d—A =0
dx

~2x* —10x+100

4100 - x?
= 2(x+10)(x=5)=0=x=50r-10 (1)

Since, x represents distance, it cannot be
negative. So, we take x = 5.

On differentiating both sides of Eq. (ii) w.r.t. x,
we get

r

0

-
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V100 ~ x*(~4x ~ 10)
—(~2x% —10x +1 00}[ =kl )
d’A _ 24100 — x2
dx’ (V100 — x%)?
[by quotient rule]
(100 — x?)(-4x — 10)
O B [ 100)[—x)]
(1 00 — x2)3,’2
[—400x — 1000 + 4 +10x?
+-2x" —10x” +100x) ]
{1 00 — x2)3r’2
_ 2x’ —300x —1000
o (100 — xz)sfz

d’A _ 2(5)° - 300(5) - 1000
dx? [100 — (5)%]"2
250 -1500 —1000 _ —2250

: <0
(100 — 25)>2 75475

Thus, area of trapezium is maximum at x=5
and maximum value is

A =(5+104100 — (5)2 [put x = 5 in Eq. (i)]
=15v100 =25 =15475 = 7543 cm? (1)

4. A window is of the form of a semi-circle with
a rectangle on its diameter. The total
perimeter of the window is 10m. Find the
dimensions of the window to admit

maximum light through the whole opening.
Foreign 2014; All India 2011
Let the dimensions of the window be 2x and
2y, i.e. AB=2x and BC =2y. Again, let P
denotes the perimeter of the window and A
denotes its area.

—

(1)

At x=35,
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A e—x—» B
Given, P=10m
To find dimensions of the window, so that

maximum light pass through the whole
opening.

From the figure, we can see that perimeter of
the window is given by

P=2x+2y+2y+ ®X
[- in the semi-circle, 2x is the diameter,
so radius is x]

— P=2x+ 4y + mx

= 2x+4y+nx=10 [ P =10 m]
- X — 2 :

=5 y=10 ﬂ: s (1) (1)

Also, area of the whole window is given by
2
A=(Q2x) Q2y) + %
{ area of window = area of rectangle ]

+ area of semi-circle
2

= A:4xy+E;— ...(i)
On putting value of y from Eq. (i) in Eq. (i), we
get
. 2
A=4x[10 X 2x)+n:x
_ 4 2
2 2 TCXZ
=y A=10x — nx° — 2x +—2—
x>
= A:10x—2x2——2— (1)
On differentiating w.r.t. x, we get
OA i ~ a2
dx 2
=10 — 4x — X (1

For maxima and minima, put %’—d‘— =0
X
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— 10 -4x—-mx=0

- . (1)
T+ 4
On putting value of x in Eq. (i), we get
10—nl 30 .o 19.
B T+ 4 T+ 4
= 4
10-30% _ 20
t+4 n+4
= y=
4
o e B A
4n+4 n+4
X = 19 andy = .
T+ 4 n+4
2
Now, d—A = fi (gi]— 9'— (10 — 4x — mx)
dx?  dx \dx X
=-4-n<0

. A is maximum,
Hence, maximum light passes through the

window.
And dimensions of window are
P and 2y = 10 (1

T+ 4 n+4

5. Find the point p on the curve y* = lax, which

is nearest to the point (11 g, 0).
All India 2014C
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Let the point on yz = 4ax be (x;,yy). Then,
v =, =4

Distance between (x;, y;) and (11a,0) is given
by

D =(x, —112)2 +(y, - 0)°

= \/(x1 —11a)2 +y;

= J(x, = 11a)? + 4ax, [from Eq. (0] (1)

On differentiating both sides w.r.t. x;, we get
dD 1

dx  2.(x, — 112)? + 4ax,

[2(x, — 11a) + 4ax;] (1)
dD 2x,—22a+4a
> =
dx; 2\ﬁx1 ~11a)* + 4ax,

N dD _ x; —9a
dx \/(x1 —11a% + 49x,

=0
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dD

= Put —=0 = x;,-9a=0
dx,

= X; = 9a
If x,=9a, then y; =36a* |
=% y; =t ba (1)
Hence, required points are (9a, 6a) and
(9a,—-6a).

12
— d.’;)=d dD 1)

dx.  dx | dx

_d X, —9a
dx | y(x, — 112)% + 49, |

1{2(x% —11 4
\j(’ﬁ ~11a)2 + 4ax, —(x, —9a) - L i a)+a]

2,(x —112)? + 4ax
(x, —11a)% + 4ax,

2

At (9a,6a), d——?—>0 (1
dx;

So, at (9a, 6a), D is minimum.

Hence, required point is (9a,6a). (1)
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Let r be the radius of the base, h be the height,
V be the volume, S be the surface area of the
cone and 0 be the semi-vertical angle.

6
h /
(1)
Then, V= -;— nr’h
=% 3V =nr’h
= 9v2 = n4*h? [squaring on both sides]
2 _ 9V :

and curved surface area, S = ntrl |
= S =mnrr’ +h? o1 =+h* +r?]
= S =n%*(r* + h?)
[squaring on both sides]
2 [ 9V?
= S*=n% 41 [from Eq. (i)]

o

2

= §%="+n’r ...(ii)
r
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When S is least, then S2 is also least. (1)

s 18V? 3 i
Now, — (%)=~ + 4n’%7 .G(i)
dr r
For maxima or minima, put c;i 59 =0 (1)
r
2
*18: +4n%° =0 = 18V? = 4xn?°
=5 9v? = 2n%® LL(v) (1)
Again, on differentiating Eq. (iii) w.r.t.r, we
get
d? _, 54v2 515
— (59 = +127°r
dr? r?
At 9v? = 214°,
d2 2 54 2'E2!'6 29
—(5)=— +1271°r
dr? r (
_12n%°

+12n%? =24n%%>0

r4

So, S% and S is minimum, when
9v? =2n%® (1
On putting 9V?2 = 2n%® in Eq. (i), we get
27 =m’r'H
= 2r2=h> = h=+2r
=) ? =v2 = cot8=+2

[from the figure, cot 8 =

]

e I s g

= 8=cot™'v2

Hence, the semi-vertical angle of the right
circular cone of given volume and least curved
surface area is cot ™' +/2. (M

Hence proved.
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7. Of all the closed right circular cylindrical cans
of volume 1287 cm?, find the dimensions of

the can which has minimum surface area.
Delhi 2014
Let r cm be the radius of base and h cm be the
height of the cylindrical can. Let its volume be
V and S be its total surface area. Then,

/-——"———‘-\\A
N~ ]

h
Can (-I)
V =12871 cm’ [given]
- nr’h=128n
- S N0
2
y
Also, S =2nr’ +2mnrh (i)
- S=2nr’ +2nr (]%E) [using Eq.(1)]
r
(1)
= S=27r’ + it (i)
r
On differentiating Eq. (iii) w.r.t. r, we get
D . e 25?“ ..(iv) (1)
dr r
* & S
For maxima or minima, put e =0.
r
- 47tr = 25?“
;
. i £
4
— ' r =64
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Taking cube root on both sides, we get

r=(64"

== r=4cm . (1)
Again,on differentiating Eq. (iv) w.rt. r, we
get

d?’s 512n

Y =47 +

dr =
At r=4,

d’S 512w

— = + 41

dr? 64

=8t +4n=12n>0 (1)
2

Thus, a—;:r:()atr: 4, so the surface area is
r
minimum, when the radius of cylinder is 4 cm.

On putting value of r in Eq. (i), we get

(4)
_128
16
Hence, for the minimum surface area of can,

the dimensions of the can are r=4 cm and
h=8cm. (1)

=8cm

8. ABis a diameter of a circle and C is any point
on the circle. Show that the area of AABC is
maximum, when it is isosceles. AllIndia 2014C

Let the side of AABC be x and y and r be the
radius of circle.

Also, £ C =90° [~ angle made in semi-circle]
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\/ (§))

In the AABC, we have
(AB)? = (AC)? + (BC)?

= 20% = (x)? + ()°
5 4r2 = X2 +y2 (D))

Area of AABC (A) = %x- Y

On squaring both sides, we get

1
L
Rl
Let Al=S§
Then, gpnd x2y?
4
From the Eq. (i), substituting the value of v,
we get
5 = 1242 —
4
= 5= %(f-’lx?*r2 = %) (D
On differentiating w.r.t.x, we get
9 _ 1 gr2x - 4¢)
dx 4
For maximum and minimum, put i =0
X
= 0= %(Brzx — 4x)
= 8rix=4x = 8r’=4x’
= 2=2rr = x= @

Then, from the Eq.(i), we get
2 4% -2r' =21

= y=~2r (1)

i.e. x =y, so triangle is isosceles.
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2
Also, :’Tg i{[ 8r’x — 4x )] (1)
= Z[8r2 —12x"]=2r% - 3x°
2
At x=@,%—§—2r2_3x2<0
X

= Area is maximum.

Hence, area is maximum, when triangle is
isosceles. (1)

9. Show that the altitude of the right circular
cone of maximum volume that can be

inscribed in a sphere of radius r |s = Aiso

show that the maximum volume of the cone

S 2, of the volume of the sphere.
7 All India 2014
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Let R be the radius and h be the height of the
cone, which inscribed in a sphere of radius r.

OA=h-r .
In AOAB, by Pythagoras theorem, we have
P =R*+(h-n? |
= r*=R?>+h*+r%=2rh

- R? =2rh - h? ()

The volume of sphere = gﬂ:r3

and the volume V of the cone,
1

V=—nRh
3
— V= % nh(2rh - h* [from Eq. (i)]
= V=%n(2rh2—h3) i}
On differentiating Eq. (ii) w.r.t. h, we get
j—Zz%n(4rh—3h2) (i)

: s dv
For maximum or minimum, put oy = (.

— %:rc(ctrh ~3h%) =0

= 4rh=3h> = 4r=3h
= h=% [.h 0] (1)
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Again, on differentiating Eq. (iii) w.r.t. h, we

get
2
2 vzln(éh'—ﬁh)
dh? 3
2
Ath=£, d;j :ln(zlr—ﬁxﬂ)
3 dh h=4_r_ 3 3
3
T ... . FT
3 3
: : 4r
=V is maximum ath = 5 (1

On substituting the value of hin Eq. (ii), we get

. . 8
Hence, maximum volume of the cone is - of

the volume of the sphere.

10. If the sumn of the lengths of the hypotenuse
and a side of a right-angled triangle is given,
then show that the area of the triangle is
maximum, when the angle between them is

60°. All India 2014

Get More Learning Materials Here : & m @&\ www.studentbro.in



Let ABC be a right angled triangle.

Given, AC + BC =constant = k ()
A
X
B aC (1)

Let ZACB =0 andAC = x.
Then, BC = x cos® and AB = xsin0
Let y be the area of AABC.

Then, y=lBC-AB=%xc056-xsinG

2
:21)(2 sin® cos O i)
From Eq. (i), x + x cos 8 = k
k
= X = LA
1+ cosO Al

On putting the value of x in Eq. (ii), we get
3 k? sin® cos®

2 (1+ cos 6)?
On differentiating w.r.t. 6, we get

(1+ cos 0)? (cos’ 8 — sin® 6) ]
dy k* [— sin® cos 0 2 (1+ cos B) (- sin B)

dx 2 (1+ cos ©)*

(1+ cos ©) [(1+ cos 6) (cos’ 0 — sin” 0)
k? + 2 sin”0 cos 0]

2 (1+ cos §)*
(1

c0s? 0 —sin? @+ cos’ 6 — cos O sin’ 9]
kz[ +2 cos0 sin”0
- 2 (1+ cos 6)’
k%2 cos’® — 1+ cos’ 0 + cos sin” 6)
} 2(1+ cos )’
[-sin@=1— cos” @]

k’[2 cos? @ — 1+ cos 8 (cos” O + sin” 0)]
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I

2(1+ cos 8)3
k2
— 3(2(:(.‘)52'B+*::058—1)
2(1+ cos 6)

[ cos’ 0+ sin“ 0 =1] (1)

kZ
Since,t’h:{-]{E =4 3>0
2(1+ cos 6)

Sign of %Y- will be depend on
X

2 cos’0 + cosf —1
Now, 2 cos’0 + cos®—1=0

— (2 cos@—1)(cos6+1)=0
1

= (:058:-2- [ cosO # —1]
= 0=60° [-0<B<90°](1)
Then, sign scheme for gx, i.e. for
X
(2 cos® @ + cos @ — 1) is
yis yis
increasing  MaX decreasing
0° +ve 6b° —Vve 90°

Thus, y has maximum value, when 8 = 60°.(1)

11. Show that the semi-vertical angle of the cone
of the maximum volume and of given slant

height is cos™ 1/+/3- Delhi 2014
Let 6 be the semi-vertical angle of the cone.

It is clear that® e (0, T;)

Let r, h and | be the radius, height and the slant
height of the cone, respectively.
A

0
!
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B0 )
The slant height of the cone is given, i.e.
consider as constant.
Now, in AABC, r=1sinBandh=1 cos6

Let V be the volume of the cone.

Then, V= T
3
= V= -:1; 1t (I? sin?0) (I cos8)

= V=%m’3 sinZ0 cos O (1

On differentiating w.r.t. 8 two times, we get

3
g!—l—[sm 0(—sinB)
da 3
+ cos 0 (2 sin© cos 0)]
3

" ’—35 (— sin® @ + 2 sin© cos?6)

2 58
andd—\;—I (=3 sin’0 cos O + 2 cos’ 0
de
— 4 sin*0 cos )
2 3
= d—-\; A8 (2 cos’@— 7sin’Bcos®) (1)
do 3
For maxima or minima, put 9’}1 =0.
de
— sinP@=2sin0cos’® = tan’0=2
:tane-—*ﬂ =% 9=tan'1ﬁ(1)
Now, when 0 = tan™' v/2, then tan’ 6 =2
= sinZ@ =2 cos* O
Then, we have
dv  Pr

-—2*=—*(2 cos’ 0 — 1‘4c0539)
de 3

= —47n/® cos’0<0, forﬁe( ) (1)

.V is maximum, when 6 = tan™' v2 or
1 r 11
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=L '+ COSO = —
0 = cos ﬁ L \@J

Hence, for given slant height, the
semi-vertical angle of the cone of maximum

volume is cos™ —% (1)
.\‘;

12. Prove that the height of the cylinder of
maximum volume that can be inscribed in a

sphere of radius Ris zlfg - Also, find the
4

maximum volume. |
All India 2014,2012C,2011; Delhi 2013

Let h be the height and a be the radius of base
of cylinder inscribed in the given sphere of

radius (R).
C
A\
R
\
\
I-E—é—h-iB
In AABC,

AB? + AC? = BC? |by Pythagoras theorem]

2 _ A 2
— a"’+(f?] =R* = aE:R2+b— (1
2 4

Volume of cylinder, V = na‘h

= 1th (RZ ~ fL-’--J =T 4R - b (1)
4] 4
On differentiating both sides two times w.r.t.
h, we get
dV = 2 ,
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i -t

dV n 3nh
21, R O L OTE)
dh* 4 2
: . % dVv
For maxima or minima, put — =0
dh
=  ZR*-3m)=0
4
= h* = —4 R*
3
> h=-2R 1)
3

[ height is always positive, so we
do not take ‘' sign]
On substituting value of hin Eq. (i}, we get
d’v. -3m 2 .
— = e s R = = y3TR < 0 (1)
dh” 2 v 3
= V is maximum.

* bl " - - 2R

Hence, required height of cylinder is =,
|I/

V3

Now, maximum volume of cylinder
2
=nh[Rz_hﬂ]znﬁ(Rz_r4Rz)

4 3 4 3
[put h= 2—— ]
V3
ap? _ p2 3
_27R GR? -RY) _4nk® i

\J{?) 3 - 3“\#@
Hence proved.

13. Show that a cylinder of a given volume which
is open at the top has minimum total surface
area, when its height is equal to the radius of
its base. Foreign 2014; Delhi 2011C, 2009
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Let r be the radius, h be the height, V be the
volume and S be the total surface area of a
right circular cylinder which is open at the top.
Now, given that

Vi

V=nr’h = h:-—b-- 41 1)

7

-
Also, we know that, total surface area S is
given by
S =2mrh + nur?

[ cylinder is open at the top, therefore

S = curved surface area of cylinder
+ area of base]

= S =2nr(—y-j-)+nr2
T
[putting h= V, from Eq. (i)]
nr ]
- }
=  S=lig? (1)
r
On differentiating w.r.t. r, we get
dS 2V
e e e
dr re
. - dVv
For maxima and minima, put = =0
r
= T 2—:{ +2nr=0
E:
= V=nr
= nreh = nr’ [V = nr’h, given]
=N h=r (1)
2¢ { e
Also, d-? ol [—U S—) o B [__QV + Emr]
dr- dr \ dr dr r‘2
d').‘
— “?:41/ +27 (1)
dr= r
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On putting r = h, we get

2
[‘jﬂ g%\;+2n>0ash>0 (1)
’
r=nh

2
Then, d—-g- >0 =25 is minimum.
dr
Hence, S is minimum, when h=r,i.e. when
height of cylinder is equal to radius of the base.

(1)
14. Find the area of the greatest rectan%le that
2
¥

can be inscribed in an ellipse 5
AN g ¢ 2
All India 2013
let ABCD be a rectangle having area A
2 2
L . . X :
inscribed in an ellipse — + L. ()
a’ b’
Let the coordinates of A be («a, ).
Then, coordinates of B = (o; — P)

C =(o; — P)

L) = ((11 - B) (1)
Area, A = Lengthx Breadth = 20 X 2[3
= A = 40

| 2
— A:%'\'ﬁbzb_%) (1)
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fon squaring

=5 A —
"
Y
) 1 @h
D A
\\
X' < \ 5 | > X
- B
o 2p) o)
Y,

On differentiating w.r.t. o, we get

2 2 ,
d(A°) _ 16{;) 2a?a — 4o
d o a
For maximum or minimum value, put
dA’
= =)
do
— 2a% - 40’ =0
— Joda® —Za)=0
= o=0,0= > (1)
?;
2/ A2 - I ;
Again, (—j—(Aj—)z E—?—-(I& < —12a9
do.” a
2 242
dA
At a==|=5
V2 \ do i, B
N
2 2
—J6b[23—12x§]-0 (1)
az

a . : :
= For o= —,A” i.e. Ais maximum.

. : b
Then, from Eq. (i), we get} = —=
V2
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o b
. Greatestarea=40pf =4. ——. —=2ab (1)
p \[2 \[2

Alternate Method
Llet Af(acos6, bsin®) be the parametric
3 .
: g
coordinates of an ellipse -~ + -3—/—.-; =1, where 0
4 2
is the eccentric angle. (1)
Y h ;
(-acos 0, b sin 0) 1 (@ cos 6, b sin 8)
B T\‘\[A

4 AT
\ o)

C D
(-acos@,-bsin®) | (@ cos 8, —b sin )
% (1)
Here, length of AB = a cos + a cosf
=2a cos0
and length of AD = b sin® + b sin®
=2bsin® (1)

Now, area of rectangle ABCD
= (2a cos) (2b sinB)
=2ab (2 sin® - cosH)
=2ab sin20 (1'2)

Here, area of rectangle ABCD is greatest,
when sin 20 is greatest.
l.e. sin20 =1=sin90°
— 20=90"= B=45"% (1%2)
Hence, area of greatest rectangle is equal to
2ab, when eccentric angle of an ellipse is 45°.

15. Show that the height of a closed right
circular cylinder of given surface and

maximum volume is equal to diameter of
base. Delhi 2012

{;) Here, use the relations, total surface area of
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* cylinder, 5= 27r= + 2ntrhand volume of cylinder .
V = nr’h. To make a relation between Uand S
and differentiate with respect to r. Then,2 put -
? = 0. And determine r and then check gl;, if

r r :

it is negative, then maxima and if it is positive,
then minima.

Let S be the surface area, V be the volume, h
be the height and r be the radius of base of the
right circular cylinder. We know that,

Surface area of right circular cylinder,

S=2nr’ +2mrh caitl]
st
- il (i) (1)
21r
Also, volume of right circular cylinder is given
by
V =nr’h
Bl
= V=nmr’ (ﬂ] [from Eq. (ii)]
271r
. V= i o )
2
On differentiating w.r.t. r, we get
dv S -é6nr’
_ Tr 1
dr 2
; . dv
For maxima and minima, put pre 0
r
e
S OB § = 5= (1)

From Eq. (ii), we get

(.
I &= BRI =5 =R
2mr
Height = Diameter of the base (1)
Alen 9V _d (dV)_d (s -6nr)
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L Rl 4

dr  dr\dr) er 2 J

=—-brnr<0

=V is maximum. §))
Hence, V is maximum at h = 2r.

16. Prove that radius of right circular cylinder of
greatest curved surface area which can be
inscribed in a given cone is half of that of the
cone. All India 2012

Let VAB be the cone of base radius r and height

h. And radius of base of the inscribed cylinder

be x.
V
pah
A’ B’

LY

x> ¥ D

Ao 0—~r—" -
Now, we observe that
AVOB ~ AB’DB = i = 138
B'D DB
= b b = g%
B'D r—x r
Let C be the curved surface area of cylinder.
Then,
C =2n(0OQC)(B’D)
= C:21(.xh(r-x) =21th(rx_x2) M
r r
On differentiating w.r.t. x, we get
L8 = 2 {3
dx r
For maxima and minima, put (;—C =8
X
= -m(r-—ZX):O = r-2x=0
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= r=2x=> x=% (1)

Hence, radius of cylinder is half of that of
cone.

d*‘C _d [Znh(r— 2x):|

Also, — = —
dx? dx
_ —4rh

=§—tﬁ(—2} -<0ash,r>0(1)
r r
= C is maximum or greatest.

r

Hence, C is greatest at x = -;— (1)

Hence proved.

1. An open box with a square base is to be
made out of a given quantity of cardboard of
area C? sq units. Show that the maximum

3

- .
volume of box is —- cu units. AllIndia 2012
6+/3

Let the dimensions of the box be x and y. Also,
let V denotes its volume and S denotes its total
surface area.

Now, S =x*+ 4xy [-S = area of square base

+ area of the four walls]

Given, x* + 4xy = -
.
L () (1)
4x
Also, volume of the box is given by

= Y=

2 2
V=xly =2V= X2 [C = } [from Eq. (i)]
4x
xC2 =
V=" (1)
= 4
On differentiating w.r.t. x, we get
2 2
dv _ C” —3x @
dx 4

For maxima and minima, putdV/dx=0
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2 .
4 .

X"‘C/w?:

o, Y4 (#0)_ 9 (€ ]
= dx? dx dx
::E)f_ <0
2
dz :
—<O:>V1smax1mum (1)
dx?

Now, maximum volume,

3 .3
VOO LT Y S
4 4

(5] o

e o k| 3(:3—(:3]
" 4|3 33| 4| 343

—

e

o 25
47343 643
maximum volume of box is —= cu
Hence, 6\f
units. (1)

18. Prove that the area of a right-angled triangle
of given hypotenuse is maximum, when the
triangle is isosceles. Delhi 2012C

Let aand b be the sides of right angled triangle.

(1/2)
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From AABC, we have
c?=a’+b?

1 1
Area of AABC (A) = 5 a: b= 5 aq,/cz —a?

[-b=4c?=a%] (1)

On differentiating w.r.t. a, we get

> 2,1 1 (-2a
=l1- cz—a2+-2—- )

N

2__ 2 . (1)
a f__.—
\C
dA
For maxima and minima, — =0
da
2
a
= — cz—az——,_z.__z- =0
2 '\f[C — d
— c2-a’-a’=0 = cl=23a"

s J 2
=¢la 'y a‘+a 1)
) (CZ__aZ)E';Q

1 cza

= — — <O (1‘/2)

-« Area of AABC is maximum and

b=~,}c2~—az= x,’Za‘?—a2 =8 (1)

Hence, triangle is isosceles.  Hence proved.

19. Show that the right circular cone of least
curved surface and given volume has an
altitude equal to +2 times the radius of the

base. HOTS; Delhi 2011

Get More Learning Materials Here : & m

@ www.studentbro.in



'Ré-,? Using the result, volume of cone, U ='3— nrh and |

curved surface area, S= mrl. Make the relation
between U and S, differentiate it and simplify to
pestiwmsais,

Let C denotes the curved surface area, r be the
radius of base, h be the height and V be the
volume of right circular cone.

To show, h=2r
We know that volume of cone is given by
V=lnth = h—g% .0 ()
3 Tr

Also, the curved surface area of cone is given
by C =mnrl, where I=4r*+h? is the slant
height of cone.

Cz‘mrm

On squaring both sides, we get
Cf=pr '+ h) = Ci=p7 +nrh

Let el
Then, Z =%t + nr’h? ..(i)
2
= Z=nr"+ n2r2(3—\’;) [from Eq. (i)]
T |
2
= Z=nr* + 1’ x = (11%%)
T
2
= Z=n%*+ %
g

On differentiating both sides w.r.t. r, we get
| 2
dZ A2 18V

— =4n (Y2)
dr r
For maxima and minima, put % =10
r
2 2
= 41t2r3—18.,\/ =5 41t2r3=18}/
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o r I r
1 ? 1
— An’r® =18 (3 'n:rzh) [ V= 5 :n:rzh}

-  4n%® =18 x % n2rh?

=  4n¥ =20%h? = 212 =h? = h=+2r

Hence, height = N [radius of base](1%2)
3
Also, LE (d—ZJ
dr

dr? _g;
. 2 2
4
_ 8 e 1BV 2
dr r ré
2 2
. %:12:&%54‘:’/ >0
dr r

= Z is minimum=> C Is minimum.

Hence, curved surface area is least, when

h=A2r. (1)

NOTE If C is maximum/minimum, then C* is also
maximum/minimum.

20. A window has the shape of a rectangle
surmounted by an equilateral triangle. If the
perimeter of the window is 12 m, then find
the dimensions of the rectangle that will
produce the largest area of the window.

Delhi 2011

let ABCD be the rectangle which is
surmounted by an equilateral AEDC.
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I‘UVV’ Sl\’CII LiicaL

Perimeter of window =12 m

=3 2x+3y+y=12

. x=6-2y () (M

Let A denote the combined area of the
window. Then,

A = xyskey

-» combined area = area of rectangle
+ area of equilateral triangle

= A:y(6—2y)+~\§y2 (1)
[ x =6 — 2y from Eq. (i)]
= Azﬁy—2y2+~—\§—y2
On differentiating w.r.t. y, we get
g—é_ﬁ 4y+——-—-—2\/§y (1)
dy 4
. ol dA
Now, for maxima and minima, put = =4
¥
= b6-4y+ ¥ y=0
NE]
=% —=4|==-6 = y=
V[ 2 . B

2
Now,ié:i(dA} d G — 4V+-2£y
dy> dyldy) dy
W3 8443

=—4+ = <0
4 2

- A Is maximum. (1
12

8 -3
2 Y 48 —6+/3 — 24
X=6—.2 =X =
8 -3 843

Now, on putting y =

in Eq. (1), we get

>
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L _24-6V3
8 -3

Hence, the area of the window is largest and
the dimensions of the window are

X = m and y = _12_ (1)
8-+3 8~ 3

21. Show that of all the rectangles inscribed in a
given fixed circle, the square has the
maximum area. All India 2011

(M

Let ABCD be the rectangle which is inscribed
in the fixed circle which has centre O and
radius b. Let AB=2x and BC = 2y.

Y . ) r

b/'o 2y

Nl

In right angled AOPA, by Pythagoras theorem,
we have

OP? + AP? = OA?
1 2+y?=pt=y?=h? —x
= y=+b? - x* () (1)

Let A be the area of rectangle.

2

A=(2x)(2y)
[ area of rectangle = Length x Breadth]
=5 A = 4xy

= A=4x+b*—x* [+ y=+/b%=x%]

On differentiating w.r.t. x, we get
o 4x.-d—\/b2 ~ " $alpT 57 --‘i(4x)
dx dx dx
dA . —-2x , "

2 2
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= — = 4X-

dx 2 yb* =X
g & B
=4_E_) - X —x]
b?% - x*

dA (b2-2x2]
- _

+4D” =X -4

e Bl | e
dx ! b2___x2

. o - dA
For maxima and minima, put — =0

dx
: S
Y e 2.
JB — %2
= b? —2x? =0 = 2x* = b?
b
=3 =— (1)
"

[ x cannot be ne gative]

2 2 2
Ao, 9A_d (dA)__ d {zub ~2x )}

G2 drldr) &| Ik
d’A d 9 %G RN2
=" [4(b% - 2x) (b2 -

= 23 dx[( x7) (b* = x)7"]
2

- ‘;_’j = 4[-4x (b% — x3)V% + b% - 2x%)
X

(_ %) (b2 — x)32 (—2)()]

2 _ 2 _ 5.2
W dA~4[ 4x x (b ZX)] i

BB +
de ||b2 _ x2 {bz e x2)3f2

, we get

. b
On putting x = —
p g \E

-4 B b2u2xb2]
d?A 2 2

dX2 i b2 {l X b2 \31'2
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~-4b
=4 V2 +0
bZ
2
%—?z—lﬁfio
%;-’;.e:o So, Ansmammumatx—'%. (1

Now, putting x = —b— in Eq. (i), we get

T

X = ﬁ_---:>2x-2y V2b
T2

Hence, area of rectangle is maximum, when
2x = 2y, i.e. when rectangle is a square. (1)

22. Show that of all the rectangles with a given

perimeter, the square has the largest area.
Delhi 2011

{” Usmg the formula perimeter of rectangle,
P=2(x+ y)and area of rectangle, A=xy.Making a
relation between A and P, differentiate A with .
respect to x and sxmpllfy it. :
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Let x and y be the lengths of two sides of a
rectangle. Again, let P denotes its perimeter
and A be the area of rectangle. Given,

P=2(x+y) (1)
[- perimeter of rectangle =2 (/ + b)]
- P=2x+2y
P-2 :
5 y=""> ¥ (D) (1)
Also, we know that area of rectangle is given by
A=X
— A =X (P -22x) [by using Eq. (i)]
2
2
On differentiating w.r.t. x, we get
A P-4
d _ X 1)
dx 2
: Al dA
Now, for maxima and minima, put & =0
X
= P—;24x=0 = P=4x (1)
=5 2x + 2y = 4x [ Pes 2%+ 2V
— K=y

So, the rectangle is a square.
d’A d (P-4x 4
AISO, RSN, . i
dx?  dx 2 2
= A is maximum.

Hence, area is maximum, when rectangle is a
square. (1

—-2<0

23. Show that of all the rectangles of given area,
the square has the smallest.perimeter.
Delhi 2011
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let x and y be the lengths of sides of a
rectangle. A denotes its area and P be the

perimeter.
Now, A = xy
[-.- area of rectangle = [ x b]
— ol ) ()
X
And, P=2(x+YVy)

[ perimeter of rectangle = 2 (/ + b)]

- P=2 [x+é) l}_-y:—gby Eq.(i)] (1)

X
On differentiating w.r.t. x, we get

d_P=2(‘|_i) (1)

dx x*
. — dP
For maxima and minima, put ™ =0
= 2(1—%):0 = 1=5 3
: X X
= A=x’
=5 Xy = X* [ A= xyl
= X=Y (1)

d’*? d A [2,4) 4A
ol IS N . [ T § 25 K e Pt
Also, 0 dx[ ( xz)] > >

Here, x and A being the side and area of
rectangle can never be negative. So, P is

minimum.
Hence, perimeter of rectangle is minimum,
when rectangle is a square. (1

24. Show that the semi-vertical angle of a right
circular cone of maximum volume and given
slant height is tan™ /2.

All India 2011, 2008; Delhi 2008C
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Let h be the height, / be the slant height, r be
the radius of base of the right circular cone and
o be the semi-vertical angle of the cone.

I
B
In AVAC, by Pythagoras theorem, we have

P=r+h* = r*=PF-h Q)
Let V be the volume of cone which is given by

V=tmthes V="02-h)-h
3 3

= V:%(Fh—hﬂ (1)
On differentiating w.r.t. h, we get
dV = 2 2
— =—(I* - 3h%) (1)
dh 3
For maxima and minima, put 3—: =0
= %(:2—3#):0 = 1% = 3R
= r? + h* = 3h* [ 2 =r?+h%
= 2 =r* =r=~2h .0 (D
Now, in right angled ACVA, we have
AC
tano = —
vC
= tana=£— [ AC =rand VC = h]
=5 tano = % [or= J2h, by Eq. (iD)]
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— tano = 2 (1)
= =tan"'42

2
Also, g—v = L [m( - 3h2)]
dh?* dh

»3—( —6h) = —-2nth<Qash>0.
s Vs maximum.
Hence, the volume is maximum, when

=tan"' V2 (1

25. Find the point on the curve y? = 2x which is

at a minimum distance from the point (1, 4).
HOTS; All India 2011, 2009C
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. (;) Firstly, consider any point on the curve, use the
" formula of distance between two points. Then, |
square both sides and eliminate one variable

with the help of given equation. Further,
differentiate and solve it to get the result.

The given equation of curve isy* = 2x and the
given point is Q (1, 4).
Let P(x, y) be the point, which is at a minimum

distance from pointQ (1, 4). (1
Now, distance between points P and Q is
given by

PQ = J(1- %2 +(4—y)’

[using distance formula]

S =y(xy — x)° +y; — y9?]
=% PQ=\X1+>{2 —-2x+16+y2—~8y

=2 +y? - 2x -8By +17

On squaring both sides, we get
PQ?=x*+y*> —2x—-8y +17

22 2
= Psz(Y_..) +y2—2{12—-]—8y+17

yz
[ y? =2xis given = xzm]

2
4
PQ2=XZ+y2—y2—8y+l7
}’4
= PQ2=I-—8y+17 (1)
let PQ*=7Z

y4
Then, Z:*4—+-8y+17
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On differentiating w.r.t. y, we get

dZ 4/
i g PO 1
= y (1
For maxima and minima, put e 0
dy
= Yy’ —8=0
= y’ =8
= y =2 (1)
2
Also, d—f =9 2 -y =3y
y© dy

On putting y = 2, we get
2
[iﬁ} =310)° =12 50
y=2

dy* _
2
d_Z_‘;,O
dy?
s Z is minimum and therefore PQ is also
minimum as Z = PQ?. (1)

On putting y =2 in the given equation, i.e.
y2 = 2X, we get

22 =2x = 4=2x = x=2

Hence, the point which is at a minimum
distance from point (1, 4)isP (2, 2). (1)

26. A wire of length 28 m is to be cut into two
pieces. One of the two pieces is to be made
into a square and the other into a circle.
What should be the lengths of two pieces, so
that the combined area of circle and square
is minimum? All India 2010
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2) Firstly, find length of circular part and its
. * circumference and calculate the length of square
part and its perimeter. Add these two terms and
equate it to 28 m and apply second derivative
test to get desired result.

Let x m be the side of the square and r be the
radius of circular part. Then,

Length of square part = Perimeter of square
= 4 x Side = 4x
and length of circular part
= Circumference of circle = 2mr
Given, length of wire =28 = 4x + 2nr = 28

=3 2x+mr=14
14 — .
e | )@
2
Let A denotes the combined area of circle and
square.
Then, A=Tr* + x*
14— 1)’
= A=mr’+ (m rJ
2
14 - mur ;
[ x=— % from Eq. (E)J

On differentiating w.r.t. r, we get

For maxima and minima, put g{%— =0

5 dr
" 2m“(14n—n r]=0

b

.
147 — n?
== ' DIr = A -..T[r
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= . (1)
T+ 4
2
AISO, q_A_ = Ej rd/j‘]
dr’  dr\dr
d [14:: = n%”
= o S LR B
dr 2
2 2
— d—-é =20 + L >0
dr? 2
2
Thus, %—é>0:>A is minimum. (1)
r

: 14 ;
Now, on putting r = ——— in Eq. (i), we get
n+4

14
- m+4)_14n+56-14n _ 28
2 2{n+4 . m+4
(1/2)
28
§= and r = L (1/2)
T+ 4 T+ 4
Now, length of circular part
= I =30 ¥ _14_= _2?.__7_!:_
n+4 mwn+4
, | 28
and length of square part = 4x = 4 x
T+4
192
=5 e (1)
T+ 4

which are the required length of two pieces.
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2. An open tank with a square base and vertical
sides is to be constructed from a metal sheet,
so as to hold a given quantity of water. Show
that the total surface area is least when depth
of the tank is half its width. All India 2010C
- Let the length, breadth and depth of the open
tank be x, x and y, respectively. Length and
breadth are same because given tank has a
square base. Again, let V denotes its volume
and S denotes its surface area. Now, given that

V = x% () (1)

Also, we know that the total surface area of the
open tank is given by

S=x%+ 4xy .. (i)
[ S = Area of square base
+ Area of the four walls]

On puttingy = iﬁfrom Eq. (i) in Eq. (ii), we get
X

S =x* +4x. 12
X
= S=x*+ jﬂ/ (1)
X
On differentiating w.r.t. x, we get
dS 4V
— =0y = —
dx x*
_ : " dS
For maxima and minima, put " 0
X
= 2x — g =)
E ;
= 4V =2x’° (1)
= Ay =2 V= x%y, from Eq. (i)]
X
] Dyes Xy
> y 2
So, depth of tank is half of its width. (1
2
Also, o S) = A (dS—J = %, 2X — i\i]
dx®  dx\dx) dx x?
a\v/
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g Y [from Eq. (i)]

8y
W, +—}>Oasx>0andy>0 (1
X

dx?

= Sis minimum.

Thus, 0,

Hence, total surface area of the tank is le.
when depth is half of its width. (v,

28. Show that the volume of the largest cone
that can be inscribed in a sphere of radius R

is -? of the volume of the sphere.
2 Delhi 2010C

Let R be the radius of sphere, r be the radius of
base of cone and h be the height of cone.

Then, from the figure,
h=R+x ..(1)(1/2)

Let V denotes the volume of cone. Now, in
right angled AOCA ,we get

OA*=0C* + AC*
[by Pythagoras theorem]

=% R2=x%+r?
- e — P2 _ 2 (i) (1)
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—r i — 1 A REREFER Y.

Also, we know that, volume of cone is given

by
‘v’:lnrzh
3
s V=%n(R2—x2)(R+x)
h=R + x, fromEq.(i)
and r*=R?% - x?, from Eq.(ii)
= V=L +R% - xR =)
3
On differentiating w.r.t. x, we get
V _ T R2_ 23R -3
dx 3
oy Y R? - 3xR+ xR - 3x]
dx 3
g[ (R - 3%) + x (R - 3¥)]
dvV =
= T =2(R+xR-3x 1Y
™y 3( ) ( (1%2)
For maxima and minima, put ?:/ =10
X
- §<R+x)(R-—3x)=0

= EitherR+x=00rR-3x=0

Now, R + x = h which is height of cone. As h
can never be zero. So, R + x =0 is rejected.

R—-3x=0
= 3x=R
- - (1)

3
d2 d (d\/)
dx \ dx
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_4d [“ (R? — 2xR — 3x2)]
dx

3
2
- NN
dx? 3
2
d¥ =£[_2R__6_R}
dx* | _rR 3 3
" a
o B i g
3 3
2
Thus, %(O::-Vismaximum. (1)
X

Now, volume of coneisV == (R* = x?) (R + x)

w A

On putting x = g, we get

= % [Volume of sphere]

[ volume of sphere = -g TER3]

Hence, volume of largest cone

8
= l f sph
== [Volume of sphere] )

29. Find the maximum area of an isosceles

2yl
triangle inscribed in the ellipse >C + E =1,

with its vertex at one end of the major axis.
HOTS; Delhi 2010C
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Given equation of ellipse is

2 2
LI A
25 16
Here, a=5b=4
: a>b

So, major axis is along X-axis.

Let ABTC be the isosceles triangle which is
inscribed in the ellipse. And OD = x, BC =2y
and TD =5 - x.

Yy

xA”E_s, 0)! T 0)
h

Yo‘
Let A denotes the area of triangle. Then, we
have

A=%xBasexHeight=—21~><BCxTD

=1 A=~£—-2y(5—x)

= A=y (5 —-x) (1)
On squaring both sides, we get
AZ=y? (5 - x? (i)
2 2 2 2
Kow, - bl =] = denlel.
25 16 16 25
216 2
= = — (25 ~- x°)
. 25
On putting value of y* in Eq. (i), we get
A2=18 o5 _ 25 x?

-
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2D
Let Al=7

Then, Z= ;z_g 25-xH6-x% @

On differentiating w.r.t. x, we get
92 _ 18 105~ x%2.(5 — %) (=1) + (5 — % (2]
dx 25
16
" 25

=121—2(5 —x)%2x + 5) (1)

(=2) (5 — %% 2x + 5)

For maxima and minima, put dEZ_ =)
X

= —.5—-{5-x)2(2X+5)=0:>X=50T—§(1)
Now, when x =5, then

Z=E(25—25)(5-5)2=0
25
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which is not possible. So, x =5 is rejected.

5

X===

2
q d*Z d(dz] d
ow, — el —l=a
dx?  dx \dx dx

[— % (5 - X% 2x+ 5)]

:_..%%[(54)2-2_(2x+5)2(5—x)]

=——6—4(5 - X)(—3X)=192x (5 -'X)
25 25

_ 2
Atx=+—5-, d—f <0
2 dx Jis 0

= Z is maximum. (1)
- Area A is maximum, when x=-— g and

y=12,
Also, the maximum area

2
Z—Azm(25—£§~) 542
25 4 2

16 75 225
=— X X

=3 x225
25 4 4
Hence, the maximum area, A = ,/3 x 225
=15+/3 sq units (1

NOTE If A is maximum/minimum, then A? is
maximum/minimum.

30. Show that the right circular cylinder, open at
the top and of given surface area and
maximum volume is such that its height is

equal to the radius of the base.
Delhi 2010; 2009C
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Let V be the volume, S be the total surface area
of a right circular cylinder which is open at the
top. Again, let r be the radius of base and h be
the height.

Now, S =2mnrh+ mr?

[+ cylinder is open at top]

2
sy W Q) ()
27r _
Also, volume of cylinder is given by
V = nrh
2
=  V=nu? (5 — ] [using Eq. (i)]
2mr
S —nr
Ve 1
5 §))
On differentiating w.r.t. r, we get
2
dV _ S = 3nur 1)
dr 2
For maxima and minima, put %E =0
| X
2
B ;m =0 = S=23nr?
— 2nrh + mr? = 3nr? [from Eq. ()]
= h=t (1)

. Height of cylinder = Radius of the base

AISO ﬂ—i(d_\i)-_—i 5_.——31.“-2 =—ETE
“drr dridr) dr 2 2

=—3nr<0,asr>0 (1)
2y
Thus, d—ft: 0 = Vis maximum.
r
Hencé, volume of cylinder is maximum, when
its height is equal to radius of the base. (1)
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31. A manufacturer can sell xitems at a price of
< (5 .. ] each. The cost price of x items is
100

3 (% + 500} Find the number of items he

should sell to reach maximum profit.
HOTS; All India 2009

Given the manufacturer sells x items at price of

4 (5 - —x-—] each.
100

. Total revenue obtained

2
. x(5——i) =7|5x- 2 (1)
100 100
Also, cost price of x items =% (g + 500)
Let P(x) be the profit function. Then,
we know that
Profit = Revenue - Cost (1)
2
o —(5+500)
100 5
2
5 p=Tt 2 oap (1)
100 5
On differentiating w.r.t. x, we get
dP _ —2x + 24
dx 100 5
: -~ dP
For maxima and minima, putd—=0 (1)
X
— 2X " 24 -0
100 5
= x =240 (1)
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2
Also, ap

dx* " dx

dP] d (
—_— ___........_.+
dx ) dx

2 1

100

-—<90
100 50

5)
5

Thus, at x = 240, Z’— <0 = P is maximum.

Hence, number of
maximum profit is 240.

items sold to have

Q)

32. If the sum of the lengths of the hypotenuse
and a side of a right angled triangle is given,

show that the area of the triangle is

maximum when the angle between them is
HOTS; All India 2009

r/3.
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Let ABC be the right angled triangle with
BC = xand AC =h.

N\

h
0
B -+ X —» C
Now, giventhat h+ x=a (i)
where, a = constant (1)

And A denotes the area of triangle. Then,
A= % x BC x AB

=3 A:%x-«\/hz—xz
[in right angled AABC,
AB? = AC? —=BC?*=h* = x*{ (1)
. AB=+h* - x*
On squaring both sides, we get

2 X 2 2 2 x* 2 2
A =I(h -X) = A =?[(a-x) - x“]

[-h=a-x, from Eq. (i)

2,2
e A2 _ a X 28)(3 (1)
4
On differentiating both sides w.r.t. x, we get
249 21 2% 62 i)
dx 4
= i = a¥-6ax)
dx
For maxima and minima, put C;—A =0
X
= gl' (2a%x - 6ax?) =0
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a
= 2alx=6ax’ =x=2

(1/2)

Again, differentiating Eq. (ii) w.r.t. x, we get
d’A dA , dA _ 1
2A- + Ta- =12
dx?  dx dx 4 i o

2
2A- %é ((:;:) 1(2;-1 —12ax)
X

On putting c;_A =0 and x= -g-, we get

X
2
2/¢’x9r—’—:'1=l 25208 50 2
dx 4 3
2
. L —[2 ? — 437
dx 8A
_ 2 _ 7
8A 4A
2
%_’j‘.( 0= AIs maximum. (1'2)
X :
Also, in the given right angled AABC, we
have
BC x X
cosB_m-—u—:——— “h=a-—
AC h a-x [ X

3 i)
cos 8 = - 3 = 3 =E><i:~1—
(a__a) (Za) 3 23 2

3 3
=) c059=21:>c059=c09—73::>8=~§—

Hence, area of triangle is maximum, when
T

= (1)
3 _
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33. Atank with rectangular base and rectangular
sides, open at the top is to be constructed, so
that its depth is 2 m and volume is 8 m*.
If building of tank cost ¥ 70 per sq m for
the base and T 45 per sq m for sides. What is
the cost of least expensive tank?
HOTS; Delhi 2009

- Let x m be the length, y m be the breadth and
h=2 m be the depth of the tank. Let ¥ H be the
total cost for building the tank. Now, given
that h = 2 m and volume of tank = 8 m’

Also, area of the rectangular base of the tank

= Length x Breadth = xy m? (1)

and the area of the four rectangular sides
= 2 (Length + Breadth) x Height

=2(x+y)x2=4(x+y)m? (1)
- Total cost, H =70 x xy + 45 x 4(x + y)
=3 H=70xy+180 (x +v) (1)

Also, volume of tank =8 m’
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= IXbxh=8 = xxyx2=8

4 .
X
On putting the value of y from Eq. (ii) in
Eqg. (i), we get
o 70x><i+180(x+ﬂ]
X X
4
— H =280 +180 (x+-—) ... (i)
X
On differentiating w.r.t. x, we get
9H _180 1—1)
dx x2
For maxima and minima, put %ﬁ =0
X
=>180(1—iz)=0=>1—j5=0
X X
= iz =1= x*=4
X
= x=2 [ x>0] (1)
5 |
Also, g_ﬂzi[_qij_ :i 180 _i
x?  dx\dx ) dx X
= % X 180
X
2
Mx=2. d—l;— =§3~x180=180>0
dx“ | . 2
X=.2
2
C;-—I;>0=>H isleastatx=2. (1)
X

Also, the least cost = 280 + 180 (2 + ;)

[put x = 2in Eq. (iii) to get least cost H]
=280 +180 x 4 =280+ 720 =31000

Hence, the cost of least expensive tank is
T1000. (1
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34. Show that the height of the closed right
circular cylinder, of given volume and
minimum total surface area, is equal to its
diameter. All India 2008C

!.-...- —— S —— ..a“-_..-_-__.\..;_.__a».(

\> Here we have two independent variables r and h, z

* 5o we eliminate one variable. For this, find the |
] value of h in terms of r and U and put in surface
area, then use the second derivative test.

Carerre e

Let rbe the radius of base, h be the height, V be
the volume and S be the total surface area of
the closed right circular cylinder. Then, given
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V = ntr’h

1%

r

Now, we know that, total surface area of
cylinder is given by
S=2nr?+2nrh

2

= S=2nr+2mr [L)
T

{ fie -12, from Eq.(i]]
r

= S:2nr2+2—\f—
r

On differentiating w.r.t. r, we get
dsS 2V
= 4nr — = 1%
dr - e

For maxima and minima, put (:J_S =0
r

— 4Er—~%?v$0 = V=2nr
I
=5 nrh = 2nr [V = nr?h)
= h=2r
i.e. Height = Diameter of the base (1%%)

i d’s d (ds] d ( 2\/)
0, — =—|—|=—[4nr— —
dr* dr\dr) dr r’

:4n+i}/->0, asr>0and V>0
r

2
Thus, gé:-o

dr
= S is minimum. | (1)

Hence, total surface area S is minimum, when
height is equal to the diameter of the base. (1)
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35. Show that the volume of the greatest
cylinder can be inscribed in a cone of height

. . .4
h and semi-vertical angle o is = nth? tan? o
All India 2008

Let VAB be the given cone of height h and
semi-vertical angle a. Again, let V denotes the
volume of the cylinder. From the figure, we

have
O " \ND I

n

(1/2)

H

e}

A¥//__,//
Radius of base of cylinder = O’C =r
H = Height of cylinder = OO’ =h - VO’

Now, in right angled AVO’C, we have
O F

tano = i O C=r
vO’' VO’
5 VO’ =
tan o
= VO’ =r cota (1)

. Height of cylinder, H = OO’
| =h-VO"=h-r cota
Now, volume of cylinder is given by

V =nr’H
= V=nr*(h-rcota) (D)
["H=h-rcoto]
= V =nr*h- nr’ cota
On differentiating w.r.t.r, we get
%% =2nrh-3nr cotae (1%)
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For maxima and minima, put 2id =0
r

= 2nrh—3nr’ cota =0

= . o= gf—] tan o (1)
3
2
AISO, g_"_/_ = i (ﬂ)
dr? dr\dr)

= 9'— (2nrh - 3wr? cot o)
dr

2 2
= : \::2nh—6nrcot0t'
dr”
2
Atrzgﬁ, d—;/
3 |dr 2h
r=-§--?anoc

= 21th - 6T coto (_25{?_ tan oc)

= 271th — 4mh tan o cot o
= 2nh — 4nh

[+ tano cot o =1]

=—2xth<0ash>0 (1)
2

d<Vv
Thus, 9—2 <0 = Vis maximum.
r

36. Show that the height of the cylinder of
maximum volume that can be inscribed in a

. 1
cone of height his = h.
3 Delhi 2008
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Let VAB be the given conegof height h and a
semi-vertical angle . Agalni let V denotes the
volume of cylinder. From tl_'ée figure, we have

v
A
e
A Y
Vg, e R

(1/2)

H = Height of cylinder = OO" = h - VO’
Now, in right angled AVO’C, we get

O'C r
tan o = =
vO’ VO’
= VO’ = =rcoto (1)
tan o

. Height of cylinder = H
=h-VO’=h~-rcota
Also, radius of base of cylinder=0'C =r

. Volume of cylinder is given by
V=nr’H =V =nr’th—rcota)
[-H=h-rcotd]

— V = nr’h — e’ coto

On differentiating w.r.t. r, we get

%\'ri=2nrh 3nr? coto
For maxima and minima, put ~(;—\: =0
= 2nrh — 3nr® cotar =0
= r= 2—3- tan o (1'%%2)
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dv d (dv)
Now, —=—|—
dr? dr\ dr
= i (27rh - 3nr’ cot o)
dr
= 2nth — 67r coto
2
At r= gﬁ fanao, d_V
3 dr? 2h
T : tan o

=2nh—-6n cot(x-%tanoc

= 21h — 4rh tan o cot o
= 21h — 4rnh [ tana cota = 1]

=-2nth<0as h>0
d*V ' . .
Thus, g 0 = Volume is maximum. (1%)

dr
Now, height of cylinder, H = h—r cota
=h—2—h-tancxcota [ rzgﬁtana]
3 3
=h—&=h [ tano - coto=1]
3 3

Hence, height of cylinder of maximum
volume that can be inscribed in a cone of

height h is % h. (1%)
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